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1 Parcidlni derivace vyssich fadu

[23]: | import math
from sympy import *
X, ¥, Z, S, t = symbols('x y z s t')

[27]: £ = x * sin(x**2 + 5 * x *y)
# Def. obor této funkce je R_2
f_x = diff(f, x)
f_y = diff(f, y)
display(f_x)
display(f_y)

x (2x 4 5y) cos (x* + 5xy) + sin (x* + 5xy)
5x7 cos (x* + 5xy)
[30]: | # Spocdtéme derivace druhého Tddu:

f_xy = diff(f_y, x)

f_yx = diff(f_x, y)

print(f_xy == f_yx)

display (f_xy)

display(f_yx)

True

—5x% (2x + 5y) sin (x* + 5xy) + 10x cos (x* + 5xy)

—5x? (2x + 5y) sin (x* + 5xy) + 10x cos (x* + 5xy)

derivace druheho 7ddu

zadejme predpis funkce

= 2 % xk*k2 - y**2 + x *x y # funkce dvou proménnych

vypoctéme nejdrive parc. derivace pruniho Tddu v obecném bodé:
f_x = diff(f, x) ; f_y = diff(f, y)

fx, f_y

H H o oW

[0]: (4*x + y, x - 2%y)

[0]: D_f = derive_by_array(f, [x, yl)
print("gradient £ = ",D_f)



gradient f = [4*x + y, x - 2%y]

[0]: | # spodtéme derivace druhého 7ddu v obecném bodé:
D2_f = derive_by_array(D_f, [x, yl)
D2_f

[0]: [[4, 1], [1, -2]]

D}' = [411 _12] = Hessova matice

2 Taylorav polynom funkce jedné proménné

[0]: from sympy import x
x, y = symbols('x y"')
series(sin(x), x, n = 10)

[0]: x - x*%3/6 + x*x5/120 - x**7/5040 + x*%9/362880 + 0(x**10)
[0]: series(exp(-x**2), x, x0 = 1, n = 3)
[0]: exp(-1) - 2%(x - D*exp(-1) + (x - 1)**2*xexp(-1) + 0((x - 1)*x3, (x, 1))

Pro vice informaci viz. nésledujici stranka na Wikipedii.

3 Taylortv rozvoj - vice proménnych
3.1 Ptiklad: Taylorav polynom 1. stupné

[6]: | #r##ntnt#t Zde je hlavilka HAHABABHABHBHAILY
import sympy as sym
from sympy.plotting import plot3d
from IPython.display import Math, display, Latex
import numpy as np
sym.init_printing()

[10]: | #######4## Definice funkce #E#BEAHAZHAREARY
X, y = sym.symbols('x y')
f = (xxx4) * (y**2) - x * y
display(Math("f (x,y)= %s" Ysym.latex(f)))
pokracovat = input("Pro pokrafovani stiskni enter")
BARRBRRBRBRBRRBRERR BB RRBRBRRRRBRRRRBRGHR RS

#A##ARARAAR VypoCltly parc. derivact v obecném bod€ #AAAARAAAAAAAAARAAAAAAAY
display(Math("\\text{ Vypo&itejme parcialni\

derivaci v obecném bod& } \\frac{\partial f}{\partial x}: "))
f_x = sym.diff(f, x)
pokracovat = input("Pro vysledek stiskni enter")
display (Math("\\frac{\partial f}{\partial x} = %s" %sym.latex(f_x)))


https://cs.wikipedia.org/wiki/Landauova_notace

display (Math("\\text{ Vypolitejme parcidlni\

derivaci v obecném bod& } \\frac{\partial f}{\partial y}: "))
pokracovat = input("Pro vysledek stiskni enter")
f_y = sym.diff(f, y)
display(Math("\\frac{\partial f}{\partial y} = %s" %sym.latex(f_y)))
pokracovat = input("Pro pokralovani stiskni enter")
HARRBRARBBRRHRBRARABRARRBRBRARBGERRBRBRRRRERRRRBRRRRBRARRBRARARRBRA BB RRHRHH

#u######A##### Stred polynomu a parc. derivace ve stredu polynomu ####H##H####

a = float(input("Zadejte 1. soufadnici stfedu polynomu: a = "))

b = float(input("Zadejte 2. soufadnici stfedu polynomu: b = "))

display (Math("\\text{Spolitejte funkéni hodnotu funkce } f(%g,%g):" %(a,b)))

pokracovat = input("Pro vysledek stiskni enter")

display(Math("f (%g,%g) = %g" %(a,b, f.subs({x: a, y: b}))))

display (Math("\\text{Spolitejte hodnotu } \\frac{\partial f}{\partial x}\
Chg,%g) s " %(a,b)))

pokracovat = input("Pro vysledek stiskni enter")

display (Math("\\frac{\partial f}{\partial x}(lg,%g)\
= %g" %(a,b,f_x.subs({x: a, y: b}))))

display (Math("\\text{Spo&itejte hodnotu } \\frac{\partial f}{\partial y}\
(hg,%hg): " %(a,b)))

pokracovat = input("Pro vysledek stiskni enter")

display (Math("\\frac{\partial f}{\partial y}(lg,%g)\
= %g" %(a,b,f_y.subs({x: a, y: b}))))

HERRARARRRRRARARRRRRARARRRRAAAARBRRBRAARBRRARARRRRRARARRRRRARARRRRRARARRIRS

#rpnnnppestittt Taylordv polynom se stredem (a,b) 1. stupné ######HAAREAHRY
display (Math("\\text{NapiSte pfedpis Taylorova polynomu se stfedem v bod& } \
S = (hg,%g),\\quad T_{1,f,S}(x,y):" %(a,b)))
pokracovat = input("Pro vysledek stiskni enter")
T_f = f.subs({x: a, y: b}) +\
f_x.subs({x: a, y: b}) * (x - a) + f_y.subs({x: a, y: b}) * (y - b)
display(Math("T_{1,f,S}(x,y) = %s " Y%sym.latex(T_£)))

RARBRBRRAARBRBRRRRRBRBRRRARRRBRRR AR BRBRRRARBRBRRR AR BRRRARBRBR R R AR BB R Y
#HHHHARRAR AR AR R AR EARAAE Craf funkce f(z,y) a polynomu T(x,y) ###A##H##AHAH#AEH
# to set features of the plot, turn the plotting off, then make adjustments,

—~then show the plot

# create a plot object
p = sym.plotting.plot3d(T_f,show=False)

# change the y-axzis of the entire plot
# p.xzlim = (0,50)



# change a feature of only the first plot object (the linme, in this case therey
~1s only one)

pl0] .1ine_color = 'm'

p.title = 'Graf Taylorova polynomu T'

# now show the line
p.show()

HERBHRBRRRBRRRGRRRBRRRBRARBRAGRRAGHRRBRRRRRARRRAGRRAGRRRBRRRRRAGRRRGRRR RS
4 2
flxy) =xy" —xy
Pro pokracovani stiskni enter

of .
ox

Vypocitejme parcidlni derivaci v obecném bodé

Pro vysledek stiskni enter

of
P A— 4x3 2 _
Ep y -y ;
Vypocitejme parcidlni derivaci v obecném bodé af :
Pro vysledek stiskni enter
d
of = 2x4y —Xx
oy
Pro pokracovéni stiskni enter
Zadejte 1. souradnici stfedu polynomu: a = 1

Zadejte 2. souradnici stfedu polynomu: b
Spotitejte funkeni hodnotu funkee £(1,2) :

Pro vysledek stiskni enter

f(1,2) =2
af

Spotitejte hodnotu 5(1,2) :

Pro vysledek stiskni enter

of _
=(1,2) = 14

e of
Spocitejte hodnotu —ay (1,2):



Pro vysledek stiskni enter

o (1,2) =3
9y
Napiste pfedpis Taylorova polynomu se sttedem vbodé S = (1,2), Ty rs(x,y):

Pro vysledek stiskni enter

T1,5,s(x,y) = 14.0x + 3.0y — 18.0

Graf Taylorova polynomu T

3.2 Piiklad

UvaZujme funkci $f(x_1,x_2)=x_1"2x_2. $ Nyni spocitejme Taylor@iv polynom nejvyse tfetiho
stupné se sttedem v bodé (0, 0).

3.2.1 Reseni

Zde zadefinujme pfedpis funkce f.

[34]: | ##n#nntst Zde je hlavicka HEREAHAHARARARHY
import sympy as sym
from IPython.display import Math, display, Latex, HTML
import numpy as np
sym.init_printing()
HARHARBHARHHARHHARRHARRHARRHAARHAARRAARRHAS

#uhnsnaiiiit Definice funkce #HEXHHRHARHHHHRARBHHHRRBRBHHHY
hl, h2, x1, x2, t = sym.symbols('hl h2 x1 x2 t')



f = x1*%x2 x x2

display (Math("\\text{Pfedpis zadané funkce je: } f(x_1,x_2) = Ys"\
%sym.latex(£)))

a = float(input("Zadej prvni soufadnici stfedu T. polynomu: "))

b = float(input("Zadej druhou soufadnici st¥edu T. polynomu: "))

pokracovat = input("Pro pokralovani stiskni enter ")

HERBHARARRARRAARRRARRRARARARHRARRARRRABRRAARARRBRARRRARRRAHS

######A#RE Privezovad funkce - predpis v obecném bodé #######
display(Math("\\text{ Dale najd&te\

predpis prufezové funkce } g(t) =f(x+th):"))
print ()
pokracovat = input("Pro pokralovani stiskni enter: ")

x = np.array([x1, x2])
h = np.array([hl, h2])
g = f.subs({x1: (x + t * h)[0], x2: (x + t * h)[1]1})

g_subs = g.subs({x1l: a, x2: b})

display (Math("g(t) = %s = Us" 7(sym.latex(g_subs), sym.latex(g_subs.expand()))))
print("***************************************")
HERRBRARBHRRARBRBRRRRRARHRRBRRARHRRARBRHRRRARBRRRRRA R RHR S

#ananaatnt g(0), g'(0), g''(0), g'''(0) H#####HHAREAREAREASES
g0 = g_subs.subs(t, 0)

Dg0 = sym.diff(g_subs, t, 1).subs(t, 0)

D2g0 = sym.diff(g_subs, t, 2).subs(t, 0)

D3g0 = sym.diff(g_subs, t, 3).subs(t, 0)
display(Math("\\text{ Najdéte } g(0) = 7"))

pokracovat = input("Pro vysledek stisknéme enter ")
display(Math("g(0) = %g" %g0))
print("***************************************")
display (Math("\\text{ Najdéte } g'(0) =7 "))
pokracovat = input("Pro pokralovani stisknéte enter ")
display (Math("g'(0) = %s" Ysym.latex(Dg0)))
print(“****************************************")
display(Math("\\text{ Najdéte } g''(0) = 7 "))
pokracovat = input("Pro pokralovani stisknéte enter ")
display(Math("g''(0) = %s" Y%sym.latex(D2g0)))
print(“****************************************“)
display(Math("\\text{ Najdéte } g'''(0) = 7 "))
pokracovat = input("Pro pokralovani stisknéte enter ")
display(Math("g"'''(0) = %s" %sym.latex(D3g0)))

PTAnt (Mkskkokkokkokokokokkokkokok ok ko ko ok ok kokok ook Kok ko ok Kok K okok 1)
HERBHRRBHRRRRRGRRRBRRRBRARBRARRRAGRRRGHARBRARRRRRRRARRRR IS

#nnpnsist Taylordv polynom T(h1, h2) = #E##EXBEZEAZER-ELRES
display(Math("\\text{ Najdéte predpis Taylorova polynomu \
nejvys 3. stupné } T(h_1, h_2) = "))



pokracovat = input("Pro pokralovani stisknéte enter ")
T = g0 + DgO + D2g0/2 + D3g0/6
T.expand ()
display (Math("T_{f, (%g,%g), 3}(h_1,h_2) = %s"\
%(a, b, sym.latex(T))))

Piedpis zadané funkce je: f(x1,x2) = x2x2

Zadej prvni soufadnici stfedu T. polynomu: O
Zade] druhou soufadnici stredu T. polynomu: O
Pro pokracovani stiskni enter

Déle najdéte piedpis prutezové funkce g(t) = f(x + th) :

Pro pokracovani stiskni enter:
g(t) = hihpt® = h3hyt?

stk sk ok sk s ok sk ok ok sk ok ok sk sk ok sk ke sk ok sk ok ok sk sk ok sk ok ok sk ok o
Najdéte g(0) =?

Pro vysledek stisknéme enter

g(0)=0

stk ke sksk ok ke sksk ok ke sksk ok sk sk ok ke sksk ok ok sksk ok ok sksk ok sk sk ok sk ok ok
« 1w /
Najdéte ¢'(0) =?
Pro pokracovani stisknéte enter

g'(0)=0

3k 3k 3k >k 3k 5k >k 3k 3k 3k >k 5k 3k >k 3k 3k 5k >k 3k 5k >k 5k 5k 5k >k 3k 5k >k >k 5k 5k %k 5k >k %k %k >k k %k k
31X 2
Najdéte ¢"(0) =?
Pro pokracovani stisknéte enter

§"(0)=0
SRR KKK KKK KA KKK K KA K KA K KA KKK KK
Najdéte ¢/ (0) =2
Pro pokracovani stisknéte enter
g"(0) = 6h3hy
SRR KKK KKK KKK KKK KK KK KKK KK K Kok ok K
Najdéte predpis Taylorova polynomu nejvys 3. stupné T(hy, hy) =
Pro pokracovani stisknéte enter

Tt (0,0)3(h1, h2) = h2h,



4 SmiSené derivace a jejich rovnost
Méjme danu funkci predpisem:

*Y %, jestlize x4+ y? # 0;
0, jestlize X2+ yz —0

f(xy) :{

DokaZte, Ze potom plati:

02 f 02 f
W(O,O) =1#-1= W(O'O)'
[0]: from sympy import x
X, ¥, z = symbols('x y z')
def f(x, y):
if xxx2 + y*x2 != 0:
Z = x %y x (x%%x2 - y*x*2)/(x**%2 + y**2)
else:
z=0
return z
print (diff (f(x,y), x, y) - diff(f(x,y), y, x))
# Spoctéme parc. derivace pruntho 7ddu v pocldtku:
f_x_00 = limit((£f(x, 0)- £(0,0)/x), x, 0)
f_y_00 = 1limit ((£(0, y) - £(0, O)/y), y, O)
def f_x(a, b):
if x**2 + y**x2 = 0:
z = diff(f(x,y), x).subs({x: a,y: b})
else:
z = £_x_00
return z
def f_y(a, b):
if xk*2 + y**x2 I= 0O:
z = diff(f(x,y), y).subs({x: a,y: b})

else:
z = £_y_00
return z
print("f_x(0,y) =", £_x(0,y))
print("f_x(0,0) = ", £_x(0,0))

f_xy_00 = 1limit((£_x(0,y) - £_x(0,0))/y, y, 0)
f_yx_00 = limit((f_y(x,0) - £_y(0,0))/x, x, 0)

print("f_xy(0,0) = ",f_xy_00,", f_yx(0,0) =", f_yx_00)
0

f_x(0,y) = -y

f_x(0,0) = 0

f_xy(0,0) = -1, f_yx(0,0) = 1



[7]: | # Upravme kdéd, aby jsme mohli na vstupu z konzole

# mohlc vlozZit predpis funkce

from sympy import *

from sympy.plotting import plot3d

X, ¥, z = symbols('x y z')

A = float(input("Zadejme soutradnici A bodu P = (A,B): "))

B = float(input("Zadejme soufadnici B bodu P = (A,B): "))

print(£"P = ({A},{B}).")

exprl = S(input("Zadej pfedpis funkce mimo bod P = (A,B):\n\
f(x,y) = "))

C = float(input(f"Zadejme hodnotu funkce f v bodé P: \n\
f(P) = £({A},{B}) = "))

# exprl = S(input("Zadej predpts funkce mimo bod P = (4,B): ")

#)
# exprl = x * y * (¢*¥2 - y*x2)/(x*%2 + y**2)
# 4 =20
#B =0
#C =20
def f(a, b):
if (a - A)*x2 + (b - B)**2 != 0:
z = exprl.subs({x: a,y: bl})
else:
z=2C
return z

f x_ P = 1limit((£f(A + x, B)- £(A,B)/x), x, 0)
f_y_ P = limit((£(A, B + y) - £(A, B)/y), y, 0)
def f_x(a, b):

if (a - A)**2 + (b - B)*x*x2 != 0:

z = diff(f(x,y), x).subs({x: a,y: b})
else:

z = f_x P
return z

def f_y(a, b):
if (a - A)**x2 + (b - B)*x2 != 0:

z = diff(f(x,y), y).subs({x: a,y: b})
else:

z=f£f_y_P
return z

print(£"f_x({A},{B}) =", f_x_P)
print(f"f_y({A},{B}) = ", f_y_P)
f_xy P = limit((f_x(A,B + y) - £_x(A,B))/y, y, 0)

f_yx P = limit((f_y(A + x,B) - f_y(A,B))/x, x, 0)
print(£"f_xy({A},{B}) = ",f_xy_P,f", f_yx({A},{B}) = ", f_yx_P)
plot3d(f(x,y))

Zadejme soufadnici A bodu P = (A,B): O

Zadejme soutradnici B bodu P = (A,B): O



P = (0.0,0.0).
Zadej predpis funkce mimo bod P = (A,B):

F(x,y) = x * 7 x (xx%2 - y**2)/(xx*2 + y**2)

Zadejme hodnotu funkce f v bodé P:

£f(P) = £(0.0,0.0) = 0
f_x(0.0,0.0) = 0
£_y(0.0,0.0) = 0
f_xy(0.0,0.0) = -1, £_yx(0.0,0.0) = 1

1007 5, T
075
10.0

[7]: <sympy.plotting.plot.Plot at 0x104c7f6d8>
[O]:

10
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